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The speifi-heat jump ∆C at a ritial temperature Tc in an anisotropi superondutor ontain-
ing both potential and spin-flip satterers is alulated within a weak-oupling mean-field approxi-
mation. It is shown that the presene of even a small amount of spin-flip satterers in the sample
leads to a drasti hange in the dependene of ∆C on Tc in a disordered (d+ s)-wave or a strongly
anisotropi s-wave superondutor. The impliations for experimental tests for the presene of an
s-wave admixture in the superonduting order parameter of high-Tc superondutors are disussed.
I. INTRODUCTION
Although there is a onsiderable evidene in favour of predominantly d-wave in-plane symmetry of the super-
onduting order parameter ∆(p) in high-temperature superondutors (HTSCs) [1℄, a number of experiments
point to an admixture of the s-wave omponent to d-wave ∆(p), implying a mixture of d-wave and s-wave
omponents, see referenes in Ref. [1℄, or even to a strongly anisotropi s-wave ∆(p), see Refs. [2, 3℄. The non-
pure d-wave symmetry of ∆(p) is supported in part by a long tail suppression of the ritial temperature, Tc,
by defets and impurities [4, 5℄ harateristi for a nonzero value of the Fermi surfae (FS) average 〈∆(p)〉FS ,
while 〈∆(p)〉FS = 0 for a d-wave pairing. However, neither the presene nor the absene of an isotropi s-wave
omponent of ∆(p) in HTSCs has not been demonstrated unequivoally yet.
Reently Haran et al. [6℄ have shown that signifiant features attributed to the s-wave part of ∆(p) may
be seen in the measurements of the speifi heat jump ∆C at Tc in disordered (d + s)-wave superondutors
with nonmagneti impurities. It was found in Ref. [6℄ that there is a qualitative differene in the evolution of
∆C under disordering in d-wave and (d + s)-wave superondutors. While in a d-wave superondutor, the
value of ∆C normalized by the normal state speifi heat Cn(Tc) monotonously goes to zero as Tc is suppressed
by nonmagneti disorder, in a (d + s)-wave superondutor there is a minimum at the urve of ∆C/Cn(Tc)
versus Tc. The loation of this minimum depends on a speifi weight of an isotropi s-wave omponent in the
(d + s)-wave ∆(p), i. e., on a speifi value of 〈∆(p)〉FS . It was suggested in Ref. [6℄ that this effet may be
used as a test for the presene of an s-wave admixture in HTSCs.
The authors of Ref. [6℄ restrited their onsideration to the ase of nonmagneti disorder (i. e., potential
sattering of harge arriers) only. Note, however, that a lot of experiments give evidene for the presene of
spin-flip satterers (along with potential ones) in non-stoihiometri HTSCs, e. g., in oxygen-defiient, doped or
irradiated samples (see, e. g., the referenes in Ref. [7℄). The spin-flip sattering of harge arriers by magneti
impurities (even though they may be present in small proportion) an strongly modify the value of Tc as well
as other harateristis of a superondutor in the viinity of Tc [7, 8℄. It is therefore instrutive to eluidate if
an aount for spin-flip sattering will hange the onlusion drawn in Ref. [6℄ onerning the impurity effet
on ∆C in anisotropi superondutors.
The influene of the ratio of spin-flip to non spin-flip sattering rates on the speifi heat jump in a weakly
anisotropi superondutor has been onsidered earlier by Okabe and Nagi [9℄. In the present paper we study
the ombined effet of potential and spin-flip satterers on ∆C in a superondutor with arbitrary anisotropy
of ∆(p), inluding s-wave, d-wave and (d + s)-wave as partiular ases. In what follows, we make use of the
following approximations: (i) we onsider the pairing interations in the weak-oupling limit of the BCS model
and assume that the pairing potential an be taken in a fatorizable form; (ii) we treat the impurity sattering in
the Born limit; (iii) we assume an s-wave sattering of harge arriers by both potential and spin-flip satterers,
so that the sattering matrix elements are momentum independent; (iv) we neglet any dynami pair breaking
effets [10℄.
One should keep in mind that the mean-field BCS theory does not desribe the effets of spatial variation
of the order parameter in the viinity of impurities [11℄. These effets may be signifiant in superondutors
with short oherene length. However, experiments on the impurity indued suppression of Tc in anisotropi
superondutors are, in fat, rather well desribed within the mean-field Abrikosov-Gor'kov approah [12℄ (see,
e. g., [13℄). So, the spatial variation of the order parameter may appear to have a little influene on the physial
harateristis, inluding ∆C, in the viinity of Tc. Note also that strong-oupling orretions [14℄ result just
1
in renormalization of the sattering rates [15℄ and overall inrease in the magnitude of ∆C, without qualitative
hanges in the dependene of ∆C versus Tc [16, 17℄. As for the use of the weak sattering (Born) limit, it seems
to be justified by a very lose similarity of ∆C versus Tc urves alulated in the Born and unitary limits for the
ase of purely nonmagneti disorder in d-wave and (d+ s)-wave superondutors [6, 16, 18℄. We set h¯ = kB = 1
throughout the paper.
II. FORMALISM
The speifi heat jump is defined as ∆C = Cs(Tc) − Cn(Tc), where the subsripts s and n refer to the
superonduting and normal state respetively, Cn(Tc) = (2pi
2/3)N(0)Tc, and N(0) is the density of eletron
states per spin at the Fermi level. The value of ∆C an be expressed in terms of the thermodynami potential
Ω as
∆C = −Tc
[
∂2(Ωs − Ωn)
∂T 2
]
T=Tc
. (1)
For the value of the differene Ωs − Ωn one has (see, e. g., Ref. [12℄)
Ωs − Ωn =
∫ ∆2
0
d(V −10 )
d∆2
∆2d∆2, (2)
where V0 is the pairing energy that determines the magnitude of the phenomenologial fatorizable pairing
potential of the form V (p,p′) = −V0φ(n)φ(n
′), ∆ is the amplitude of the superonduting order parameter
∆(p) = ∆φ(n), n = p/p is a unit vetor along the momentum, and the funtion φ(n) speifies the symmetry
and anisotropy of ∆(p) in the momentum spae [e. g., φ(n) ≡ onst for isotropi s-wave pairing; φ(n) = cos(2ϕ)
for a speifi ase of d-wave pairing, where ϕ is an angle between the vetor n and the x-axis; φ(n) = r+cos(2ϕ)
for a speifi ase of mixed (d+s)-wave pairing, the onstant r being the measure of the partial weight of s-wave
omponent in ∆(p)].
To find the dependene of V −10 on ∆, we make use of the set of mean-filed self-onsistent equations for a
superondutor ontaining both nonmagneti and magneti impurities (see Ref. [7℄):
∆(p) = −T
∑
ω
∑
k
V (p,k)
∆ω(k)
ω′2 + ξ2(k) + |∆ω(k)|2
, (3)
∆ω(p) = ∆(p) + (cn|un|
2 + cm|u
pot
m |
2 − cm|u
ex
m |
2)
∑
k
∆ω(k)
ω′2 + ξ2(k) + |∆ω(k)|2
, (4)
ω′ = ω − i(cn|un|
2 + cm|u
pot
m |
2 + cm|u
ex
m |
2)
∑
k
iω′ + ξ(k)
ω′2 + ξ2(k) + |∆ω(k)|2
, (5)
where T is the temperature; ξ(p) is the quasipartile energy measured from the hemial potential; ω = piT (2n+
1) are Matsubara frequenies; cn and cm are the onentrations of nonmagneti and magneti impurities,
respetively; un is the matrix element for potential eletron sattering by an isolated nonmagneti impurity;
upotm and u
ex
m are the matrix elements for, respetively, potential and exhange (spin-flip) sattering by an
isolated magneti impurity.
Restriting all eletron momenta in Eqs. (3)-(5) to the FS, replaing
∑
k byN(0)
∫
dξ(k)
∫
FS
dΩk/|∂ξ(k)/∂k|,
and integrating over ξ(k), one has
V −10 = piN(0)〈φ
2(n)〉FST
∑
ω
f(ω,∆) , (6)
∆ω(p) = ∆(p) +
1
2
(
1
τp
−
1
τs
)〈
∆ω(p)√
ω′2 + |∆ω(p)|2
〉
FS
, (7)
ω′ = ω +
1
2
(
1
τp
+
1
τs
)
ω′
〈
1√
ω′2 + |∆ω(p)|2
〉
FS
, (8)
where
f(ω,∆) =
1
〈φ2(n)〉FS∆
〈
φ(n)∆ω(p)√
ω′2 + |∆ω(p)|2
〉
FS
, (9)
2
the angular brakets 〈...〉FS stand for a FS average,
〈...〉FS =
∫
FS
(...)
dΩp
|∂ξ(p)/∂p|
/∫
FS
dΩp
|∂ξ(p)/∂p|
, (10)
and we have introdued the eletron relaxation times τp and τs for potential and spin-flip sattering, respetively:
1
τp
= 2pi(cn|un|
2 + cm|u
pot
m |
2)N(0),
1
τs
= 2picm|u
ex
m |
2N(0). (11)
III. RESULTS
Making use of a standard proedure, one an transform Eq. (6) into
ln
(
T
Tc0
)
= piT
∑
ω
(
f(ω,∆)−
1
|ω|
)
, (12)
where Tc0 is the value of Tc in the absene of impurities. At ∆ = 0, one obtains from Eqs. (7)-(9), (12) an
expression for Tc as a funtion of potential and spin-flip sattering rates, ρp = 1/4piτpTc and ρs = 1/2piτsTc,
respetively (see Ref. [7℄)
ln
(
Tc0
Tc
)
=
〈φ(n)〉2FS
〈φ2(n)〉FS
[
Ψ
(
1
2
+ ρs
)
−Ψ
(
1
2
)]
+
(
1−
〈φ(n)〉2FS
〈φ2(n)〉FS
)[
Ψ
(
1
2
+ ρ
)
−Ψ
(
1
2
)]
, (13)
where ρ = ρp + ρs/2 is the total sattering rate and Ψ is the digamma funtion.
Expanding f(ω,∆) in powers of ∆2 up to ∆2 and differentiating Eq. (6) with respet to ∆2, one has from
Eq. (2) in the viinity of Tc
Ωs − Ωn =
pi
2
N(0)〈φ2(n)〉FS∆
4(T )T
∑
ω
(
df(ω,∆)
d∆2
)
∆=0
. (14)
Next, taking Eq. (13) into aount, one has from Eq. (12) an expression for ∆2(T ) in the viinity of Tc
∆2(T ) =
(
T
Tc
− 1
)
〈φ2(n)〉FS − ρ
[
〈φ2(n)〉FS − 〈φ(n)〉
2
FS
]
Ψ(1)
(
1
2 + ρ
)
− ρs〈φ(n)〉
2
FSΨ
(1)
(
1
2 + ρs
)
pi〈φ2(n)〉FSTc
∑
ω
(
df(ω,∆)
d∆2
)
∆=0
. (15)
Here and below ψ(n)(z) are the polygamma funtions [the n-th derivatives of the digamma funtion ψ(z)℄ defined
as ψ(n)(z) = (−1)n+1n!
∑∞
k=0(k + z)
−(n+1)
.
Substituting Eq. (15) into Eq. (14), we obtain from Eq. (1) the expression for the speifi heat jump ∆C
normalized by the speifi heat in the normal state,
∆C
Cn(Tc)
= −12
[
〈φ2(n)〉FS − ρ
[
〈φ2(n)〉FS − 〈φ(n)〉
2
FS
]
Ψ(1)
(
1
2 + ρ
)
− ρs〈φ(n)〉
2
FSΨ
(1)
(
1
2 + ρs
)]2
(2piTc)3〈φ2(n)〉FS
∑
ω
(
df(ω,∆)
d∆2
)
∆=0
. (16)
Finally, after simple but rather umbersome alulations, we find from Eqs. (7)-(9) an expression for the
denominator in Eq. (16)
(2piTc)
3〈φ2(n)〉FS
∑
ω
(
df(ω,∆)
d∆2
)
∆=0
=
ρ
6
Ψ(3)
(
1
2
+ ρ
)[
〈φ2(n)〉FS − 〈φ(n)〉
2
FS
]2
+
ρs
6
Ψ(3)
(
1
2
+ ρs
)
〈φ(n)〉4FS +
1
2
Ψ(2)
(
1
2
+ ρs
)
〈φ(n)〉4FS
+
1
2
Ψ(2)
(
1
2
+ ρ
)[
〈φ4(n)〉FS − 4〈φ
3(n)〉FS〈φ(n)〉FS + 6〈φ
2(n)〉FS〈φ(n)〉
2
FS − 3〈φ(n)〉
4
FS
]
+
1
ρ− ρs
Ψ(1)
(
1
2
+ ρ
)[
4〈φ3(n)〉FS〈φ(n)〉FS − 11〈φ
2(n)〉FS〈φ(n)〉
2
FS + 7〈φ(n)〉
4
FS
]
−
5
ρ− ρs
Ψ(1)
(
1
2
+ ρs
)
〈φ(n)〉2FS
[
〈φ2(n)〉FS − 〈φ(n)〉
2
FS
]
3
+
ρ+ ρs
(ρ− ρs)2
[
Ψ(1)
(
1
2
+ ρ
)
+Ψ(1)
(
1
2
+ ρs
)]
〈φ(n)〉2FS
[
〈φ2(n)〉FS − 〈φ(n)〉
2
FS
]
−
4
(ρ− ρs)2
[
Ψ
(
1
2
+ ρ
)
−Ψ
(
1
2
+ ρs
)] [
〈φ3(n)〉FS〈φ(n)〉FS − 4〈φ
2(n)〉FS〈φ(n)〉
2
FS + 3〈φ(n)〉
4
FS
]
−2
ρ+ ρs
(ρ− ρs)3
[
Ψ
(
1
2
+ ρ
)
−Ψ
(
1
2
+ ρs
)]
〈φ(n)〉2FS
[
〈φ2(n)〉FS − 〈φ(n)〉
2
FS
]
. (17)
Eqs. (16) and (17), together with Eq. (13) for Tc, give the value of the speifi heat jump for a superondutor
that is haraterized by an arbitrary anisotropy of ∆(p) [i. e., by an arbitrary angular funtion φ(n)℄ and
ontains, in general, both potential and spin-flip satterers. In partiular ases of (i) spin-flip sattering in
an isotropi s-wave superondutor with φ(n) ≡ onst and (ii) potential sattering in a highly anisotropi
(e. g., d-wave) superondutor with 〈φ(n)〉FS = 0, Eqs. (16) and (17) redue to the well-known expressions
[6, 18, 19, 20, 21℄
∆C
Cn(Tc)
= −12
[
1− ρsΨ
(1)
(
1
2 + ρs
)]2
1
2Ψ
(2)
(
1
2 + ρs
)
+ ρs6 Ψ
(3)
(
1
2 + ρs
)
(18)
and
∆C
Cn(Tc)
= −12
[
1− ρΨ(1)
(
1
2 + ρ
)]2
1
2
〈φ4(n)〉FS
〈φ2(n)〉2
FS
Ψ(2)
(
1
2 + ρ
)
+ ρ6Ψ
(3)
(
1
2 + ρ
) , (19)
respetively [22℄. In the ase of a superondutor that has an arbitrary anisotropy of ∆(p) but ontains non-
magneti impurities only, Eqs. (16) and (17) redue to the results of Haran et al. [6, 22℄. In the absene of any
impurities (Tc = Tc0), one has
∆C
Cn(Tc0)
=
12
7ζ(3)
〈φ2(n)〉2FS
〈φ4(n)〉FS
, (20)
where ζ(3) ≈ 1.202 is the Riemann zeta funtion. Eq. (20) has been widely used to analyze the effet of
anisotropy of ∆(p) on the speifi heat jump in lean superondutors (see, e. g., [23℄). For a lean isotropi
[φ(n) ≡ onst℄ superondutor we arrive at a familiar BCS result, ∆C/Cn(Tc0) = 12/7ζ(3) ≈ 1.426.
IV. DISCUSSION
In what follows, we shall model the dependene of ∆(p) = ∆φ(n) by the angular funtion φ(n) = r +
cos(2ϕ). The value of r = 0 orresponds to d-wave pairing, while r → ∞ (∆r →onst) in an isotropi s-wave
superondutor. The smaller is the value of r, the higher is the anisotropy of ∆(p). The moments 〈φ(n)〉FS ,
〈φ2(n)〉FS , 〈φ
3(n)〉FS , and 〈φ
4(n)〉FS that enter Eqs. (13), (16), and (17) are equal to r, r
2 + 1/2, r3 + 3r/2,
and r4 + 3r2 + 3/8, respetively.
Note that the value of the speifi heat jump in a lean superondutor is a nonmonotonous funtion of r. It
follows from Eq. (20) that the normalized speifi heat jump initially dereases with r from ∆C/Cn(Tc0) ≈ 0.951
at r = 0 down to ∆C/Cn(Tc0) ≈ 0.666 at r =
√
3/8 ≈ 0.612 and next inreases again up to ∆C/Cn(Tc0) =
12/7ζ(3) ≈ 1.426 at r →∞, see Fig. 1.
Now let us analyze the behavior of ∆C/Cn(Tc) versus Tc upon addition of magneti and/or nonmagneti
impurities to the initially lean sample with the ritial temperature Tc0. We note that nonmagneti impurities
result in the potential sattering only, while magneti impurities generally result in both spin-flip and potential
sattering. In this respet, the ombined effet of nonmagneti and magneti impurities has muh in ommon
with the effet of magneti impurities only, the differene being in the ratio of potential to spin-flip sattering
rates as a funtion of impurity onentrations.
A. Nonmagneti disorder
First, we onsider the ase that there are no magneti impurities in the sample, i. e., ρs = 0 and, hene,
ρ = ρp (see also Ref. [6℄). At low onentration of nonmagneti impurities, i. e., at (Tc0 − Tc)/Tc0 << 1, one
has from Eqs. (16) and (17)
∆C
Cn(Tc)
=
12
7ζ(3)
〈φ2(n)〉2FS
〈φ4(n)〉FS
[
1− 2
Tc0 − Tc
Tc0
(
1 +
pi2
42ζ(3)
·
〈φ2(n)〉FS
〈φ4(n)〉FS
·
4〈φ3(n)〉FS〈φ(n)〉FS − 3〈φ
4(n)〉FS − 〈φ
2(n)〉2FS
〈φ2(n)〉FS − 〈φ(n)〉2FS
)]
,
(21)
where we took into aount that ρ = (2/pi2)(1−Tc/Tc0)〈φ
2(n)〉FS/[〈φ
2(n)〉FS−〈φ(n)〉
2
FS ] at (Tc0−Tc)/Tc0 << 1,
see Eq. (13) and Ref. [7℄. Note that the term in round brakets in Eq. (21) hanges sign from positive to negative
4
as r inreases up to r0 ≈ 1.75. Analysis of Eqs. (16), (17), and (21) shows that in weakly anisotropi superon-
dutors with r > r0, the normalized speifi heat jump inreases monotonously up to ∆C/Cn(Tc) = 12/7ζ(3) as
Tc is suppressed by nonmagneti impurities, in a lose agreement with the behaviour of ∆C/Cn(Tc) in two-gap
superondutors whose thermodynamis is, to some respet, similar to that of anisotropi superondutors, see
Ref. [24℄ (note that in an isotopi superondutor, r → ∞, the nonmagneti disorder has no effet on both
Tc and ∆C/Cn(Tc), see Refs. [12, 25℄). Contrary, at 0 < r < r0, the normalized speifi heat jump initial-
ly dereases with dereasing Tc, passes through a minimum at Tc/Tc0 = (Tc/Tc0)
∗
, and then inreases up to
∆C/Cn(Tc) = 12/7ζ(3) as Tc → 0. The position of the minimum at the urve of ∆C/Cn(Tc) versus Tc/Tc0
depends on r, the value of (Tc/Tc0)
∗
being redued from 1 to 0 as r dereases from r0 down to zero [6℄.
In a d-wave superondutor without an admixture of s-wave, i. e., at r = 0, the normalized speifi heat
jump dereases monotonously down to zero as Tc/Tc0 is suppressed from 1 to 0. For an arbitrary funtion φ(n)
obeying the ondition 〈φ(n)〉FS = 0 we have at Tc/Tc0 << 1
∆C
Cn(Tc)
=
8〈φ2(n)〉2FS
3〈φ4(n)〉FS − 2〈φ2(n)〉2FS
γ2
(
Tc
Tc0
)2
, (22)
where γ = eC ≈ 1.781 and C is the Euler onstant. Note that 〈φ4(n)〉FS > 〈φ
2(n)〉2FS for any φ(n), so the
denominator in Eq. (22) is always positive. For our hoie of φ(n) = r + cos(2ϕ) one has ∆C/Cn(Tc) =
(16/5)γ2(Tc/Tc0)
2
at r = 0 and Tc << Tc0.
The effet of nonmagneti impurities on the speifi heat jump in superondutors with different anisotropy
of the order parameter is illustrated in Fig. 2. The differene in the behavior of ∆C/Cn(Tc) at Tc → 0 in
superondutors with r = 0 and r 6= 0 stems from the fat that, while Tc of a d-wave superondutor vanishes
at a finite value of ρp = 1/4γ ≈ 0.140 (i. e., at a finite onentration of nonmagneti impurities), the value of Tc
in a superondutor with the nonzero Fermi surfae average of ∆(p) asymptotially goes to zero as ρp inreases
at ρs = 0, see Refs. [7, 26℄.
B. Pure spin-ip disorder
Although pure spin-flip sattering never happens in real materials sine magneti impurities give rise to not
only spin-flip sattering but to potential sattering as well, we nevertheless (partly for pedagogial purposes)
onsider briefly the limiting ase that a superondutor ontains spin-flip satterers only, i. e., ρp = 0 and
ρ = ρs/2. It is straightforward to show that in this ase there are no qualitative differenes among the urves
of ∆C/Cn(Tc) versus Tc/Tc0 for different values of r. From Eqs. (16) and (17) one finds that the normalized
speifi heat jump dereases monotonously down to zero with dereasing Tc, no matter what the symmetry and
the degree of anisotropy of ∆(p) are, see Fig. 3. The physial reason is that spin-flip satterers, ontrary to
potential ones, are pair breakers in both d-wave and s-wave superondutors [7℄. Two quantitative differenes
between d-wave and s-wave symmetries are (i) the different values of ∆C/Cn(Tc) at Tc = Tc0 and (ii) the
different values of the oeffiient f [φ(n)] in the dependene ∆C/Cn(Tc) = f [φ(n)](Tc/Tc0)
2
at Tc/Tc0 << 1.
For a d-wave superondutor, the value of f [φ(n)] oinides with that in the ase of nonmagneti disorder, see
Eq. (22), while f = 8γ2 for an isotropi s-wave superondutor, in agreement with Ref. [12℄.
C. Combined nonmagneti and magneti disorder
1. Constant onentration of spin-ip satterers
Now we turn to a general ase that there are both nonmagneti and magneti impurities in a superondutor.
To begin with, we onsider a situation when purely nonmagneti impurities are added to a superondutor
that already ontains a small quantity of magneti impurities and, as a onsequene, initially has the ritial
temperature T ′c0 lower than the value of Tc0 in the absene of any impurities. The higher is the onentration
of magneti impurities, cm, the greater is the value of δTco/Tco, where δTco = Tc0 − T
′
c0. We assume that the
value of cm remains unhanged upon inrease in the onentration of nonmagneti impurities and orresponding
derease of Tc, i. e., ρs0 = 1/2piτsTc0 = onst. Sine our prime interest here is with the ase δTco/Tco << 1, we
plot ∆C/Cn(Tc) versus Tc/Tc0 rather than Tc/T
′
c0.
In a d-wave superondutor, i. e., at r = 0, the dependene of ∆C/Cn(Tc) on Tc/Tc0 for any value of
δTco/Tco is the same as in the absene of spin-flip sattering, see Fig. 2. This is beause at 〈φ(n)〉FS = 0 both
Tc and ∆C are funtions of the total sattering rate ρ = ρp + ρs/2 only, irrespetive of the satterers' type,
see Eqs. (13), (16), and (17). Fig. 4 shows the urves of ∆C/Cn(Tc) versus Tc/Tc0 for different values of r 6= 0
and δTc0/Tc0. At low r = 0.2, i. e., in a (d + s)-wave superondutor with a small admixture of s-wave, or
in a strongly anisotropi s-wave superondutor, the presene of finite, though very small (δTc0/Tc0 < 0.01)
amount of spin-flip satterers in the sample results in a drasti hange in the dependene of ∆C/Cn(Tc) on
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Tc/Tc0. After passing through a minimum, ∆C/Cn(Tc) does not inrease up to 12/7ζ(3), as in the absene of
magneti impurities, but reahes the maximum and then dereases again down to zero as Tc → 0, see Fig. 4. It
is straightforward to show from Eqs. (13), (16), and (17) that
∆C
Cn(Tc)
=
1
2ρ2s0
(
Tc
Tc0
)2
=
pi4
32
[
1 +
〈φ(n)〉2FS
〈φ2(n)〉FS
]2(
Tc
δTc0
)2
(23)
at Tc << δTc0. As the onentration of spin-flip satterers (and, hene, the value of δTc0/Tc0) inreases, the
maximum of ∆C/Cn(Tc) dereases in height and gradually disappears. Starting with δTc0/Tc0 ≈ 0.02 there are
neither minimum nor maximum of ∆C/Cn(Tc) versus Tc/Tc0 urve. We note that for Tc0 ≈ 100 K suh values
of δTc0/Tc0 orrespond to ommonly observed small (several Kelvins) variations of Tc0 between the samples
obtained under slightly different onditions that an reflet the different amount of magneti impurities in the
samples.
As r inreases, i. e., as the anisotropy of ∆(p) beomes weaker, the tendeny in the hange of the speifi
heat jump upon inrease in the initial onentration of magneti impurities is qualitatively onserved, see Fig.
4. Quantitatively, an inrease in r results in the inrease in the value of δTc0/Tc0 above whih ∆C/Cn(Tc)
beomes a featureless monotonous funtion of Tc/Tc0. In partiular, both the minimum and the maximum of
∆C/Cn(Tc) versus Tc/Tc0 urve disappear at δTc0/Tc0 ≈ 0.1, 0.25, and 0.4 for r = 0.6, 1, and 2, respetively. So,
the sensitivity of the speifi heat jump to magneti impurities is higher in strongly anisotropi superondutors
with small but nonzero values of r.
2. Constant ratio of spin-ip to potential sattering rates
Let us now onsider the ase that the relative ontribution from spin-flip sattering to the total sattering
rate, ρ = ρp + ρs/2, remains onstant upon disordering, i. e., the value of the dimensionless oeffiient
α =
τ−1s
τ−1p + τ
−1
s
=
|uexm |
2
(cn/cm)|un|2 + |u
pot
m |2 + |uexm |
2
=
ρs/2
ρp + ρs/2
, (24)
see Eq. (11), does not hange upon addition of magneti (and, in general, nonmagneti) impurities. This holds,
first, if a superondutor is doped by magneti impurities only (i. e., cn = 0) and, seond, if the ratio of
nonmagneti to magneti impurity onentrations, cn/cm, remains unhanged, see Eq. (24). The latter is a
reasonable approximation for doping by given hemial elements or irradiation by a given type of partiles, at
least at relatively low (but suffiient to destroy the superondutivity) doping levels or radiation doses.
Thus for a given degree of ∆(p) anisotropy (i. e., in our model, for a given value of r), the dependene of
∆C/Cn(Tc) on Tc/Tc0 is governed by the value of material-dependent and disorder-dependent oeffiient α.
The greater is the relative ontribution from exhange sattering by magneti impurities to the total sattering
rate, the higher is the value of α. In general, α ranges from 0 in the absene of exhange sattering to 1 in the
absene of potential sattering. Note, however, that sine there always exist two hannels of arrier sattering
by magneti impurities (potential and spin-flip ones), see Eq. (11), the value of α is less than unity even at
cn = 0. Below we onsider the ase α << 1 that seems to be relevant to the experimental situation.
It follows from Eqs. (13), (16), and (17) that in a d-wave superondutor with r = 0 the urves of ∆C/Cn(Tc)
versus Tc/Tc0 are the same for any value of α in the whole range of α, see Fig. 2 and Fig. 3. Contrary, at r 6= 0
the speifi heat jump appears to be extremely sensitive to spin-flip sattering of harge arriers. Fig. 5a shows
the dependenies of ∆C/Cn(Tc) on Tc/Tc0 in a strongly anisotropi non d-wave superondutor with r = 0.2
for different values of α. One an see that inrease in α results in a gradual disappearane of the minimum
(and maximum) of ∆C/Cn(Tc). In the presene of even a minor spin-flip omponent in the sattering potential,
α ≈ 0.02, the normalized speifi heat jump dereases monotonously as Tc dereases from Tc0 down to zero,
and the urve of ∆C/Cn(Tc) versus Tc/Tc0 looks like that in a d-wave superondutor. As the gap anisotropy
weakens (i. e., the value of r inreases) the "ritial"value of α above whih the normalized speifi heat jump
starts to derease monotonously under disordering first inreases up to ≈ 0.05 at r ≈ 1 and next dereases
again, see Fig.5.
D. Impliations for the experiment
Numerous experiments on various superondutors, inluding boroarbides Y1−xRxNi2B2C (R = Gd, Dy,
Ho, Er) [17℄, organi ompound (TMTSF)2ClO4 [27℄, U1−xThxBe3 [28℄, HTSCs YBa2(Cu1−xMx)3O7−δ (M =
Zn [29, 30, 31, 32℄, Fe [30℄, Ni [31℄, Cr [32℄) and La1.85Sr0.15Cu1−yZnyO4 [33℄, et have revealed that the value
of ∆C/Cn(Tc) dereases monotonously as Tc is suppressed by impurities. To the best of our knowledge, there
were no experimental indiations for the nonmonotonous behaviour of ∆C/Cn(Tc) in disordered superondu-
tors. Note, however, that the hemial substitution results not only in the suppression of Tc and derease of
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∆C/Cn(Tc) but also in a very strong broadening of the superonduting transition. As a onsequene, the spe-
ifi heat anomaly is rapidly smeared out by the disorder, so that the dependene of ∆C/Cn(Tc) on Tc/Tc0 an
be determined more or less reliably, in the best ase, at Tc/Tc0 > 0.3÷ 0.4 only. Meanwhile, it follows from the
results presented above that the value of Tc/Tc0 below whih ∆C/Cn(Tc) starts to inrease under disordering
depends on the degree of ∆(p) anisotropy and is very small in strongly anisotropi superondutors.
Reently Zhao has fitted ∆(p) to single-partile tunneling and angle-resolved photoemission spetra of
YBa2Cu3O7−δ [2℄. To ompare his fit with our model form of ∆(p), it is onvenient to introdue the oeffiient
χ = 1 − 〈∆(p)〉2FS/〈∆
2(p)〉FS as a measure of the degree of in-plane anisotropy of ∆(p), where 〈...〉FS means
the Fermi surfae average. The range 0 ≤ χ ≤ 1 overs the ases of isotropi s-wave (∆(p)=onst, χ = 0),
d-wave (〈∆(p)〉FS = 0, χ = 1), and mixed (d+ s)-wave or anisotropi s-wave (0 < χ < 1) symmetries of ∆(p).
Making use of the results presented in Ref.[2℄, one has χ ≈ 0.9 for YBa2Cu3O7−δ. Sine χ = 1/(1 + 2r
2) for
∆(p) = ∆[r + cos(2ϕ)], this value of χ orresponds to r ≈ 0.2. We note that the hoie of χ ≈ 0.9 allows
for a quantitative explanation [34℄ of the quasilinear derease of Tc in eletron-irradiated YBa2Cu3O7−δ single
rystals [35℄. As follows from Figs. 4 and 5, at r = 0.2, the upturn of ∆C/Cn(Tc) takes plae at Tc/Tc0 ≈ 0.1,
either in the absene or at a very low onentration of spin-flip satterers.
So, the neessary ondition for the ∆C/Cn(Tc) upturn at low Tc/Tc0 is, exept for the non-pure d-wave
symmetry of ∆(p), a relatively small ontribution of spin-flip sattering to the total sattering rate. Besides, a
superondutor should be disordered very uniformly so that the transition width ∆Tc remained lower than Tc
down to as low as possible Tc values, in order to preserve a lear speifi heat anomaly at Tc and to make possible
the experimental determination of the ∆C/Cn(Tc) versus Tc/Tc0 urve in a wide region of Tc/Tc0 values. In
this respet, the irradiation-indued disorder has advantages over the hemial substitution. For example, in a
reent paper [35℄, Rullier-Albenque et al. reported the results of experimental studies of Tc degradation under
eletron irradiation of underdoped and optimally doped YBa2Cu3O7−δ single rystals. The authors of Ref. [35℄
sueeded in reation of an extremely uniform distribution of radiation defets over the sample, so that the
value of ∆Tc never exeeded 5 K. Moreover, the value of ∆Tc did not inrease monotonously with radiation
dose but had a maximum at Tc/Tc0 ≈ 0.3 and next dereased down to ∆Tc < 1 K at the highest dose for whih
the resistive superonduting transition still was observed at Tc ≈ 1 K. Aording to the theoretial fit [34℄ to
the experimental data [35℄, at χ = 0.9, the value of α = 0.01± 0.01 is low enough for the upturn of ∆C/Cn(Tc)
be observable at Tc/Tc0 ≈ 0.1, see Fig.5. Hene, it is of great interest to study the behavior of ∆C versus Tc/Tc0
in suh samples.
Finally, we note that the experimentally observed nonuniversality of ∆C/Cn(Tc) versus Tc/Tc0 urve that
has been previously asribed to the arrier onentration effets [31℄ may in fat be (at least partly) due to
different ontributions of spin-flip sattering to pair breaking in different superonduting materials and/or for
different doping elements. We note also that it would be very interesting to study experimentally the behavior
of ∆C/Cn(Tc) versus Tc/Tc0 in non-uprate superondutors with different degree of the superonduting gap
anisotropy and various ratios of spin-flip to potential sattering rates.
V. CONCLUSIONS
We have shown that in a pure d-wave superondutor, the normalized speifi heat jump ∆C/Cn(Tc)
dereases monotonously upon disordering by both nonmagneti and magneti defets or impurities. So, in d-
wave superondutors, ∆C/Cn(Tc) is, to a first approximation (keeping in mind the assumptions made), a
universal funtion of Tc/Tc0, i. e., it does not depend on the relative ontribution of spin-flip sattering to
the total sattering rate and, hene, on a speifi type of defets and impurities. On the other hand, under
nonmagneti disordering of a superondutor with a nonzero Fermi surfae average of the order parameter,
∆C/Cn(Tc) initially dereases with dereasing Tc, passes through a minimum and then inreases again. The
minimum at the urve of ∆C/Cn(Tc) versus Tc/Tc0 moves to higher values of Tc/Tc0 as the anisotropy of the
order parameter beomes weaker.
In disordered strongly anisotropi non d-wave superondutors, ∆C/Cn(Tc) is extremely sensitive to spin-
flip sattering of harge arriers. At relatively weak spin-flip sattering, ∆C/Cn(Tc) beomes a featureless
monotonous funtion of Tc/Tc0. So, the spin-flip sattering of harge arriers removes the qualitative differene
between the dependenies of ∆C/Cn(Tc) versus Tc/Tc0 in disordered d-wave and (d + s)-wave (or anisotropi
s-wave) superondutors. Hene, it would be very diffiult to disriminate between pure d-wave and non pure
d-wave ∆(p) if the onentration of spin-flip satterers in the sample is higher than a ertain ritial value. So,
to observe the nonmonotonous dependene of ∆C/Cn(Tc) on Tc/Tc0 in anisotropi superondutors, one should
(i) make use of uniformly disordered samples with a learly pronouned speifi heat anomaly at Tc down to
low Tc/Tc0 values and (ii) minimize the onentration of the spin-flip satterers in the sample.
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Fig. 1. Speifi heat jump ∆C normalized by the normal state speifi heat Cn(Tc0) versus the oeffiient
r that speifies the anisotropy of the superonduting order parameter ∆(p) = ∆[r + cos(2ϕ)], for a lean
superondutor without any impurities. Dashed line shows the value of ∆C/Cn(Tc0) = 12/7ζ(3) ≈ 1.426 in an
isotropi s-wave superondutor.
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Fig. 2. Speifi heat jump ∆C normalized by the normal state speifi heat Cn(Tc) versus the normalized
ritial temperature Tc/Tc0 for a superondutor disordered by nonmagneti impurities. The superonduting
order parameter is assumed to have the form ∆(p) = ∆[r+cos(2ϕ)], where r = 0 (losed irles); 0.2 (squares);
0.6 (triangles); 1 (open irles); 2 (pluses). Solid lines are guides for the eye. Dashed line orresponds to an
isotropi s-wave (r →∞,∆r →onst).
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Fig. 3. Same as in Fig. 2 for a superondutor disordered by spin-flip satterers only.
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Fig. 4a. Speifi heat jump ∆C normalized by the normal state speifi heat Cn(Tc) versus the normalized
ritial temperature Tc/Tc0 for a superondutor with the order parameter ∆(p) = ∆[r + cos(2ϕ)]. The super-
ondutor initially ontains a small amount of spin-flip satterers and thus has the initial ritial temperature
T ′c0 < Tc0. It is further disordered by nonmagneti impurities only, so that the onentration of potential sat-
terers exeeds that of spin-flip satterers. r = 0.2. δTco/Tc0 = (Tc0 − T
′
c0)/Tc0 = 0 (solid line), 0.001 (pluses),
0.003 (triangles), 0.01 (squares), and 0.03 (irles). These values of δTco/Tc0 orrespond to the values of the
spin-flip pair breaking rate ρs0 = 1/2piτsTc0 = 0, 0.00038, 0.00113, 0.00376, and 0.01127 respetively. Note
that at Tc/Tc0 > 0.2 the urves of ∆C/Cn(Tc) versus Tc/Tc0 for different ρs0 (i. e., for different δTco) almost
oinide.
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Fig. 4b. Speifi heat jump ∆C normalized by the normal state speifi heat Cn(Tc) versus the normalized
ritial temperature Tc/Tc0 for a superondutor with the order parameter ∆(p) = ∆[r + cos(2ϕ)]. The super-
ondutor initially ontains a small amount of spin-flip satterers and thus has the initial ritial temperature
T ′c0 < Tc0. It is further disordered by nonmagneti impurities only, so that the onentration of potential sat-
terers exeeds that of spin-flip satterers. r = 0.6. δTco/Tc0 = 0 (solid line), 0.01 (pluses), 0.03 (triangles), 0.1
(squares), and 0.3 (irles). [ρs0 = 0, 0.00285, 0.00854, 0.02823, and 0.08232 respetively℄.
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Fig. 4. Speifi heat jump ∆C normalized by the normal state speifi heat Cn(Tc) versus the normalized
ritial temperature Tc/Tc0 for a superondutor with the order parameter ∆(p) = ∆[r + cos(2ϕ)]. The super-
ondutor initially ontains a small amount of spin-flip satterers and thus has the initial ritial temperature
T ′c0 < Tc0. It is further disordered by nonmagneti impurities only, so that the onentration of potential sat-
terers exeeds that of spin-flip satterers. r = 1. δTco/Tc0 = 0 (solid line), 0.03 (pluses), 0.1 (triangles), 0.2
(squares), and 0.3 (irles). [ρs0 = 0, 0.00727, 0.02400, 0.04728, and 0.06975 respetively℄.
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Fig. 4d. Speifi heat jump ∆C normalized by the normal state speifi heat Cn(Tc) versus the normalized
ritial temperature Tc/Tc0 for a superondutor with the order parameter ∆(p) = ∆[r + cos(2ϕ)]. The super-
ondutor initially ontains a small amount of spin-flip satterers and thus has the initial ritial temperature
T ′c0 < Tc0. It is further disordered by nonmagneti impurities only, so that the onentration of potential sat-
terers exeeds that of spin-flip satterers. (d) r = 2. δTco/Tc0 = 0 (solid line), 0.03 (pluses), 0.1 (triangles), 0.3
(squares), and 0.5 (irles). [ρs0 = 0, 0.00641, 0.02114, 0.06116, and 0.09731 respetively℄.
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Fig. 5a. Same as in Fig. 4 for a superondutor with a onstant ratio α of spin-flip to potential sattering
rates. r = 0.2. α = 0 (solid line), 0.001 (pluses), 0.003 (triangles), 0.01 (squares), and 0.03 (irles). Note that
at Tc/Tc0 > 0.2 the urves of ∆C/Cn(Tc) versus Tc/Tc0 for different α almost oinide.
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Fig. 5b. Same as in Fig. 4 for a superondutor with a onstant ratio α of spin-flip to potential sattering
rates. r = 0.6. α = 0 (solid line), 0.003 (pluses), 0.01 (triangles), 0.03 (squares), and 0.1 (irles).
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Fig. 5. Same as in Fig. 4 for a superondutor with a onstant ratio α of spin-flip to potential sattering
rates. r = 1. α = 0 (solid line), 0.003 (pluses), 0.01 (triangles), 0.03 (squares), and 0.1 (irles).
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Fig. 5d. Same as in Fig. 4 for a superondutor with a onstant ratio α of spin-flip to potential sattering
rates. r = 2. α = 0 (solid line), 0.001 (pluses), 0.01 (triangles), 0.03 (squares), and 0.1 (irles).
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